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IIporpamma BONPOCOB K BCTYNMTEJIbHOMY IK3aMEHY 10 MaTeMaTHKe

1. Crenenu u KOpHU

Onpenenenue creneHn u KopHA. IIpaBuna neiictBua ¢ pagukanamu. [IpaBuna
JEeUCTBUA cO cTeneHs MU, DOopMYIIbl COKPAILIEHHOTO YMHOKeHHUs. Tabiniia KBaapaToB.

2. Moaynib U €ro CBOMCTBA.

[Tonarue monyns. CoiicTBa MOyisi. OCHOBHBIE HEPABEHCTBA C MOYJIEM.

3. Jlorapudmsr

Omnpenenenue norapudma. CBoricTBa JorapudMoB.

4. Tlporpeccunu.

Apudmernueckas mporpeccusi. ['eomerpuueckas mporpeccus. beckoHeduHo
yObIBaIOIIasi TeOMETpUUECKasi IPOrPeCCHUs.

5. Tpuronomerpus.

Panuannoe wu3MepeHue yrioB. 3HauY€HUE TPUTOHOMETPUYECKUX (DYHKIIMH
HEKOTOPBIX yIJIOB. OCHOBHBIE TPUTOHOMETPUYECKHE TOXKIAeCTBA. DOPMyNBI CyMMBI U
pa3sHOCTH aprymMeHToB. DOpMysbl JBOMHOTO W TPOWHOTO apryMmMeHTa. BbipaxkeHue
TPUTOHOMETPUUECKUX (PYHKIMN yepe3 TaHreHC MOoJIOBUHHOro yria. IlpeoOpa3zoBanue
CYMMBI M Pa3HOCTH TPUTOHOMETpUYECKHX (PYHKUUH B mpousBeneHue. [IpeoOpazoBanue
IPOU3BEICHUE TPUTOHOMETpUYECKUX GYHKIMI B cymmy. OnpeneneHue 0OpaTHBIX
TpUTOHOMETpHUUECKUX (YHKIMH B cymmy. CBOMCTBAa OOpaTHBIX TPUTOHOMETPUYECKHUX
GbyHKIMA. 3HaYeHNE TPUTOHOMETPUUECKUX (QYHKIUA HEKOTOPBIX YyIiIoB. DOpMyIbl 1Jis
pelIeHns MPOCTEUIINX TPUTOHOMETPUYECKUX YPABHEHUN.

6. MHOrowIeHsl U UX KOPHHU.

Onpenenenue wmHorouwneHa. KsazgpaTHbeli TpexuineH. PemeHue KBaapaTHBIX
ypaBHeHuil. Teopema besy u cxema ['opHepa.

7. YpaBHEHUS.

VYpaBHeHUE ¢ OTHUM HEU3BECTHBIM. CHUCTEMBI YPaBHEHUS C IByMSI HEU3BECTHBIMU.
CucTteMbl IMHENHBIX YPaBHEHUIA. .

8. Hepasencrna.

HepaBeHcTBa u cucteMbl HepaBeHCTB. OObeIMHEHUE HEPABEHCTB. ParmoHaibHbIe
HEpPABEHCTBA.

9. ®yHKUUM.

Oo6mactb onpenenenus. MHOXKeCTBO 3HaueHUH. YeTHOCTh M HEYETHOCTh. | paduku
aneMeHTapHbiX (pyHkuit. [locTpoeHne TpaguKoOB C MOMOIIBIO  DJIEMEHTAPHBIX
npeoOpa3oBanuii. [[pumeneHne cBONCTB (DYHKIMI K PEIICHUIO0 YPaBHEHUH.

10. InddepenimanbHoe UCUNCTICHUE.

[Tonsitue mpousBoaHoM. [IpoM3BOIHBIE OCHOBHBIX JJIEMEHTAPHBIX (DYHKITHIA.
OcHoBHble mpaBuia auddepeHuupoBaHus. ['€oMETpUUECKHl CMBICA MPOU3BOAHOM.
Mexanudecku cMmbICa Tpou3BoAHOW. Bospacranwe u yObiBanue ¢GyHkumid. Touku
skcTpemMyma. HauOonbliee u  HaumeHbllee 3HaueHue (¢yHkuud. I[Ipumenenue



POU3BOIHOM K HCCNEAOBaHUIO (DYHKIIMI U MOCTPOCHUIO rpaduKOB.

11. MHTErpanbHOEe UCUHUCIIEHNUE.

[Tonsitue mepBooOpaznoit. [lonstue unrerpana. Tabiuia UHTETPAIOB OCHOBHBIX
AJIIEMEHTapHbIX  (QYHKIUH. MeToAbl HaxOXACHHE HEONPEICICHHOTO HWHTErpaa.
[Ipumenenue nepBooOpa3HON (HaXOXKJIEHUE MUIONMIA/IeH MIOCKUX QUTyp U 00bEMOB Tell
BpaIEeHUs ).

12. IInanumeTpus.

[TapannensHeie mnpsmbie. Teopema @Paneca. Teopema O MNPONOPLHOHAIBHBIX
otpeskax. [Ipu3Haky paBeHCTBA TPEYTrONBHUKOB. TeopemMa 0 CyMME yIJIOB TPEYTOJIbHUKA
u crneActBus U3 Hee. OCHOBHBIE CBOWCTBA MPU3HAKH PaBHOOEAPEHHOTO TPEYTrOJbHHKA.
HepaBeHcTBO TpeyrojibHHKa W cieacTBUs H3 Hero. CpenHss JMHUS TpPEyroJbHUKA.
Menuana. buccekrtpuca. Bricota. Ilomobue tpeyronbHukoB. I[lmomann mogo0HBIX
¢uryp. Teopema Ilucdaropa. Teopema cunycoB. Teopema kocunHycoB. Ilmomanb
TpeyroapHuka. [lapannenorpamm. Pom0O. Tpanenus. OkpyKHOCTb

13. CrepeomeTpusi.

Axcnombl crepeomerpud. [lapamnensHocTs B mpocTpaHCcTBe. CKpEmMBarONIMECs
npsiMble. KOOpAMHATEI M BEKTOPHI B IPOCTPAHCTBE.

VYpaBHeHHE NOpsIMON. YpaBHEHME IUIOCKOCTH. llepneHaukynspHOCTE NpsSMON M
mockoctu. JIByrpannsiil yrou. Cdepa.. [lupamuna. [Tapannenenunesn.

[Tnomanu nosepxHocreit puryp. O6beMbl MHOTOTPaHHUKOB.

PeKOMeHIlaIII/II/I aﬁnTypneHTy AJIA IIOATOTOBKH K 9K3aMEHY

DyHIaMEHT MaTeMaTHYeCKUX 3HAHUM OOBIYHO 3aKjIaJbIBaeTCs Ha ypoKax
MATEMATUKH U TIPU MTOATOTOBKE K HUM. MBI COBETYEM:

1. BHuUMaTenpHO BBICIYIIMBATH TEOPETUUYECKHIN MaTepual, KOTOPbI OOBSCHSIET
yuuteiab. Bece Teopembl U (pakThl HYKHO MOHSTh, a TOHSAB, YMETh UX CaMOCTOSITEIbHO
JOKa3bIBaTh. [IpounTaB [0Ka3aTeNbCTBO KAKOM-TO TEOPEMBI, BOCIPOU3BEAHUTE 3TO
JI0Ka3aTelbCTBO Ha Oymare Oe3 yyeOHHMKa W 3aT€M CBEpPbTE C YUYEOHUKOM; HESICHBIC
BOIIPOCHl BBISICHUTE y yuutTens. [loMHHMTE, 4TO yMeHHE pemarh 3adauyd SBIAETCA
CJIEICTBHEM ITyOOKO MOHSITHOTO COOTBETCTBYIOLIETO TEOPETUUECKOIO MaTepraa.

2. BbInonHsAs 1oMalllHu€ 3aAaHus, oceniasl Kypchl 1Mo MoAroToBke B By3, K EI'D
U T.J., IOMHUTE, YTO 0€3 COOCTBEHHOTO IJIaHA MOATOTOBKU U €T0 BBIMOJHEHUIO O0bIIINE
ycrexu Bac He *KAyT. COCTaBbTE IJIaH U MOKAXUTE €ro CBOEMY YUMTENIO WU IPYTOMY
MpoeCcCHOHAILBHOMY MaTeMaTHKY .

3. Ponb yCTHBIX BBIYUCIEHUW, HUX CKOPOCTh M TOYHOCTh B YCIOBHSIX
CYILIECTBEHHOI'O OTPaHUYEHUs] BPEMEHH HEBO3MOKHO IIEPEOLEHUTHb. MBI pEKOMEHAYEM
JUTSI COBEPIICHCTBOBAHUSI YMEHUI M HABBIKOB YCTHBIX BBIUHUCICHUN M MpeoOpa3OBaHUN
MCIIOJIb30BaTh COOpHUK YyCTHHIX ympaxHeHui P. JI. Jlykuna u ap. LlemecooOpazno 3a
OJIHO CaMOCTOSITEIbHOE 3aHATHE peliarh (YCTHO) MO OJHOMY 3aJaHMI0 M3 KaXJOro



pa3nena (Bcero B 3Tol kHure 21 pasgen). B Henmenmto pekoMeHayeTcsi MPOBOIUTH HE
MEHEE IBYX-TPEX TAKUX 3AHATHUU.

4. Uto HyXHO 3anmoMuHaTh Ham3zycTh? Ckaxem Tak: yeM Oousblie MH(pOpMaIu
BBl CMOJKETE€ 3allOMHHUTb, TEM JIydllle U ObICTpee Bbl OyJeTe BBINOJHATH KaK yCTHBIE
3aJlaHus, TaK U 3aJaHus, TpeOyIOIIMe 3HAUNTENbHBIX YMCTBEHHBIX ycuinid. [loaTtomy, Bo-
IIEPBBIX, BBl JOJDKHBI YETKO 3HATh M IIOHMMAaTh OCHOBHBIE pa3Jeibl IIKOJIBHOIO Kypca
MaTeMaTUKH, OCHOBHbIE  (aKTbl, TEOpEeMbl, (QOpMyJbl, TaOJUIBl 3HAUYCHUUN
TPUTOHOMETPUUECKUX U OOpaTHBIX TPUTOHOMETPUUECKUX (PyHKUMH U T.J. Byner oueHs
XOpOII0, €CJIM BBl 3aBeieTe ce0e JMUHBIA CIPAaBOYHHUK BCETO NEPEUYHUCIEHHOro U Oynere
€ro CUCTEMAaTUYECKHU MONOJIHATh U TOBTOPATH COOPaHHBIE B HEM MaTE€pPHUAJIbI.

5. BaM HYXXHO ONpENENNUTHCS C PE3yNbTATOM, KOTOPBIM BBl PACCUUTHIBACTE
noyuuTh Ha EI'D. IIpOKOHCYIBTHUPYHTECH 1O 3TOMY MOBOAY CO CBOMM YYMTEJIEM HIIA
oOparurech 3a MOMOUIBI0 K JpyroMy crneuuanucty. OJHako U Balle COOCTBEHHOE
IIPE/ICTABIICHUE O CBOMX BO3MOKHOCTAX MUIPAET HE MOCIEAHIO0 poJib. JKenaem ycnexos!



KparTkuii TeopeTndeckuii CpaBOYHHUK

1. CreneHu u KOpHMU.

a=1,a®0
a'"=;,aCDO
da=b"b"=a
I
an = ILar

nk[an1 = W
YaVb = Vab

8 ije
b +lb
(Va)" = Vam

"Ila+b<"lla+ Vb da = a*
P

a — D— CI
(@) =a
ab)l = a’t’
(

2. ®opMynbl COKPaALLEHHOFO YMHOMEHMUSA.
(atb)=a’+2ab+ b
(a+b)=a’+3ab+ 3ab’ + b
@?—b=(a—>b)a+b)
O’ -b’* = (a- b)(a’> + ab + b?)
a+b’=(a+5b)(a—ab+b")
3. Tabauua KBagpaToB.
11’ 121 16°= 2256 21°= 441 26’ 676

122 144  177- 289 22 484 272 729
137 =169 18- 324 232-- 529 28 784
14-=196 19°- 361 24 576 290 841

15==225 20°- 400 257 - 625 30°= 900
4. Mporpeccum.
ApupmemuyecKkas npozpeccus.

Ecnu a, ectb n-ii uneH , d- pasHocTb 1 S, - Cymma n NepBbiX YNeHOB apudpmeTUYecKoi
nporpeccuu, To an+1 = an +d
ap=air+dmn—1)
(a1 +a,)'n (2al +d(n — 1))
= 2 = 2
ApudmeTnyeckan nporpeccus sospactaet, ecan d> 0, u yboiaeTt, ecnm d< 0.
Ecnu ax, OI, am, ay-4neHbl apUPMETUYECKON NPOrpeccuu ¢ TaKMMU Homepamu, 4To k+l=m+n, To a, +

ajy Yy +un
Kakabli1 uneH apudmMeTMUecKoi nporpeccmm, OT/IMYHbINA OT NePBOro U NocaeAHEero, paBeH cpegHemy
apMd)METM‘-IECKON\y coceaHUX C HUM YNeHOB, T. €. d, = b’-1+b’ +1.

Feomempuyeckas npoepeccus.



Ecnv b, ecTb n-i uneH , g- 3HameHaTenb U S, - CyMma n NepBbIX Y1eHOB reOMeTPUYECKOM NPOrpeccuy,

TO bn+1:an, bi @ O,qCDO, bn:b]qnl
. bi@ 1) 1
m q— —qd1

Ecnu bge, b(, bm, bn - YI€HBI FEOMETPUYECKON NPOFPECCUN C TAKUMU HOMEPAMU, YTO k+l=m+n, To bp * °(='m
. bl’l

KBagpaT KaxkAoro YneHa reoMeTpmMyeckoi Nporpeccum, oTANYHOro OT NepBoro U NocaeAHero, paseH
npousBeeHn0 CoceaHNX C HUM YneHOB.bn = by byt

beckoHe4yHo ybbiBatolLLas reoMeTpuYeckas nporpeccus.

Ecnum S ectb cymma HeckoHeuHo ybbiBatowwent reomeTpuyeckort nporpeccum (|q| < 1), 10 S=hi
1-q.
5. JNorapudmbil.

Norapudmom gaHHOro YMCAa X NO AaHHOMY OCHOBAHMIO @ Ha3blBAaeTCA MOKa3aTe b CTEMEHU Y, B KOTOPYIO
HY»KHO BO3BECTM OCHOBaHWe a , YTobbl NONYUUTL AaHHOE Yncno x: y = log, X @ = X.

Myctba>0,a®d 1, 10 2% =x, gna x > 0.

loga(xy) = loga 1 + logalyl, Xy > 0
loga X = loga |X| — logaly|,Xy > 0
loga("y) = loga X + logay, X >0,y >0
loga X =loga X -logay, X>0,y>0
logaX*=alogaX, X >0

fe = 1 loga|x|, Kk — YeTHOE 1EeNoe YKCIo

log.x

Myctb b>0,a ® 0, a ® 1, Toraa: logapb = 1log. b, p ® 0

logaieb = — logla| b, k ® 0, kK — 1eN0e YeTHOE YHCIO
alog = i a
6 clogp

dopmyna nepexosa kK HOBoMy ocHoBaHwut. Myctb b> 0, b @ 1,X > 0. Torpa log.x = Agélgfg.é%lqacmocm da

IogaX :10gb-

Mpu peweHnn 3aa4 6bIBAeT NosIe3HA caeaytowan Teopema. Ecnm yncna a n b Ha uncnosoii ocu
pacnosioxKeHbl MO OfHY CTOPOHY OT eAunHULbI, To log, b > 0, a ecam no pasHbie, To log, b < 0.

6 TpuroHometpus.



Onpedesnerue. OpuH paanaH PaBeH LLeHTPaIbHOMY YI/ly OKPYXKHOCTU, AJ/IMHA AYrM KOTOPOro paBHa
pagmnycy 3TON OKPYHKHOCTU.

3HayeHUs mMpu2oHOMeMpu4YecKUx hyHKUUL HEKomMopebix y2no8e.

a 0 n n n n n 3n
£ By A ~2
sina 0 1 V2 V3 1 0 -1
9 ~2 ~2
cosa 1 V2 0 -1 0
tga 0 V3 1 V3 - 0 -
T
ctga - V3 1 V3 0 - 0
T
OCHOBHblE MpuU2OHOMEMpUYECKUe moxoecmsa.
.2 2 sina cosa , 2 1
sina+cosa=1 tga =-------- ctga = — —---mmmmmme- tgactga =1 1+tga=--—--- —
cosa sin a cos’ a

2 2 2 1
l+ctga=——
sin a

DopmynvL CyMMbL U PASHOCIU APSYMEHMOE.

PRPPAY SN ) SRS B oL~ TN S )

sin(a + ft) = sin a cos ft + cosa sin ft
cos(a + ft) = cosa cos ft - sina sin ft

cos(a - ft) = cosa cos ft + sin a sin ft

tga-tgft

(a-f1)
8 1 +tgatgft

@D tga+tgP
£ I-tgatgP
ctga ctg ft -1

ctg(a + ft
glaxfn ctga + ctg ft

Ctg(a P _ ctg actgP +1

ctga-ctgP

®opmysbl 080LHO20 U MPOLIHO20 ap2yMeHmos.

sin 2a = 2sina cosa
2 2 -2

cos2a =cos a-sin a
cos2a=1-2sin’a

cos2a=2 cos’ a-1




2tg a
1-tg?

tg2a =

ctg2a ctg’a
= 2ctga

sin 3a=3 sinacos?a-sin’ a
sin3a=3sina-4sin’a
cos3a = cos? a - 3sin? acosa

cos3a=4cos’ a-3cosa

Ilpeobpazosanue cymmsl u pazHoCmu mpUeOHOMempuieckux OyHKYui.
Fa-

a+
cosa +cos P =2cos T COS -==-=---
_ a..atrP.a-P
cosa - cosP = - D gip —eeemee T: R—
sing+sinP=2sin - COS -----
22
a+r.a-Fr
sina-sinP =2cos ~TTC S ~====mm-
n sin(a + P)
tge+tg f = -
cosa cos P

MpeobpazosaHue npouseedeHuli mpuaoHoMempuYecKux GyHKyul

sin a sin P = - - (cos(a + P) - cos(a - P))
cosa sin P = (™ (sin(a + P) - sin(a - P))

cosa cos P:2(cos(a+P)+cos(a _py

sin a cos P = (s (sin(a + P) + sin(a - P))

®opmynbl M0108UHHO20 apymeHma

5 l+cosa
cos
2
1-cosa
tg? —
1+cosa
1 + cos
ctg? -0

1 - cosa



.a /1 -cosa

SN — = cmmmmmee
a 1+cosa
cos— ==+
2
1-cosa sin a
tg-=+
1 +cosa 1+cosa
2V?2
. 2al-cosaal+cosa
SN —— Fmmmmmmmmm e ctg — = — -emme
2 2 2 sin a

(pOpMyflbl NMOHUMXCEeHUA cmerneHu

2 1 + cos2a
COS Q= -——mmmmmmmmmm-
2
L2 1 -cos2a
311 7 A ——
2
3 3cos a + cos3a
cosa=
4
.3 3sina-sin3a
sina=
4
aa
. 2th
sina =
BblpaxceHusa Yepe3 maHaeHc nosa08UHHO20 apaymeHma
1+tg?
1- th
cosa=
1 +tg?
tga= 2
aa

l-tg



®opmynbl npusudeHus

-a 90°-a | 90°+a |180°-a |180°+a| 270°-a 270° +al 360°-a | 360°+a
~_ |y S
-a n-a ata [ 5 2n-a| 2ata
sin -sina cos a cos a sina -sin a -cos a -cos a -sina sina
cos cos a sina -sin a -cos a -cosa | -sina sina cosa cosa
tg -tga ctga -ctga -tga tga ctga -ctga -tga tga
ctg -ctga tga -tga -ctga ctga tga -tga -ctga ctga

sin cos tg ctg
Pewerus npocmedliwiux mpu2zoHoMempu4yeckux ypasHeHul

COSX = a;X = +arccosa + 2IIm;m e Z
cosx=0;x=—+1IImneZ2

cosx = 1;x =2l e Z

cosx =-1;x =11+ 2[lm;ite Z

snix = a;x = (-1)" arcsrna + [Im;m e Z
smx =0;x =Tl e Z

sinx = I;x =[I+[Imm e Z srnx = -1;x = -~ + [Im;n e Z tgx = a;x = arctga+llm;n e Z ctgx = a; X = arctcga +

IIm;neZ

7. MHorouneHbl U UX KOPHU



MnaHumeTpwmsa.

CBOWMCTBA M NPU3HAKM NapannesibHbIX NPAMbIX

1. AKkcuoma napannenvHuix npAmMbIx. Yepe3 AaHHYKO TOYKY MOXHO NpoBecTM He 6onee ogHoOM npsmon,
napannenbHoOn AaHHON.

Ecnun gBe npAmble NnapannenbHbl O4HON 1 TOM e NPAMOM, TO OHW NapaasienbHbl Mexay coboi.

3. [lBe npAmMble, NepneHANKYAPHbIE OAHOM M TOM e NPAMOM, MapanienbHbl.

4. Ecnu gBe napannenbHble NpAmMble nepeceyb TpeTbel, To 06pa3oBaHHbIE NPU 3TOM: BHYTPEHHME HAKPecCT
Nexallme Yrnbl paBHbl; COOTBETCTBEHHbIE Yr/bl PaBHbl; BHYTPEHHWE OLHOCTOPOHHWE YINbl B CyMMe
cocrasaatoT 180%

5. Ecau npu nepecevyeHnn ABYX NPAMbIX TPeTbel 06pa3yroTCA PaBHbIe HAKPECT NeXKaluue yriabl, TO NpAMble
napannenbHbl.

6. Ecnm npu nepeceyeHmn ABYX NPAMbIX TpeTbel 06pasyroTcA paBHble COOTBETCTBEHHbIE YI/bl, TO NPAMbIE
napannenbHbl.

7. Ecnu npu nepecedeHnn AByX NPAMbIX TPETbEN CYMMa BHYTPEHHMX OAHOCTOPOHHMX yraoB pasHa 180°, 1o
npAMble NapanaenbHbl.

Teopema ®aneca. Ecnn Ha ogHOM CTOPOHE Yr/1a OTNIOXKUTb PaBHbIe OTPE3KM U Yepe3 UX KOHLbl NPOBECTH
napannenbHble NpAMble, Nepecekatlowme BTOPYHD CTOPOHY Yyrna, TO Ha BTOPOM CTOPOHE yr/ia TO Ke
OT/IOXKATCA PaBHble OTPE3KM.
Teopema 0 npPoOnNoOpyUOHAnbHbIX ompe3kax. MapannenbHble NPAMble, NepPeceKalrolme CTOPOHbI YrAa,
OTCEKAOT Ha HUX NPONOPLMOHA/IbHbBIE OTPE3KU.

TpeyronbHuk.

lpu3sHaKu pageHcmea mpey20/bHUKO8.

1.

Ecnu aBe CTOPOHbI U yron Mexay HUMWU OLHOrO TPeyro/ibHWMKa COOTBETCTBEHHO PABHbI ABYM CTOPOHAM U
yray MeXay HUMK 4pYroro TPpeyronbHUKA. To Takue TpeyroibHUKN PaBHbI.

Ecnv cTopoHa u ABa NpUAerKawmx K Hel yrna ogHoro TpeyrosibHMKa COOTBETCTBEHHO PaBHbl CTOPOHE U
NPUAENKALWMM K HEl yrnam Apyroro TpeyrosbHWKa, TO TaKMe TPeyroNbHUKM PaBHbl.

[pu3sHaKu pageHcmMaa npAamMmoy20sbHbIX Mpey20/1bHUKOS.

P wnNpeE

o vk wnNR

Mo aoBym KateTtam.

Mo KaTeTy M rMnoTeHyse.

o rmnoTeHy3e n oCcTpomy yray.

Mo KaTeTy 1 ocTpomy yray.

Teopema 0 cymme yrioB TPeyrosibHMKa 1 ceaCcTBuA U3 Hee.

CyMMa BHYTPEHHMX YrN10B TpeyrosbHunKa pasHa 180°.

BHeLWHMM yron TpeyrosbHUKa PaBeH CYMME ABYX BHYTPEHHUX YIN0B, HE CMEXHbIX C HUM.
CymMmma BHYTPEHHUX YI/10B BbIMYKAOro N-yrosibHMKa pasHa 1800(n-2).

Cymma BHELWHUX YrnoB N-yronbHMKa pasHa 3600.

Yrnbl CO B3aMMHO NepneHauKynspHbIMM CTOPOHAaMK PaBHbl, €I OHKW 06a ocTpble nan oba Tynble.
Yron mexay 6UcceKTpmMcamm CMexKHbIX yrnos paseH 90°.

BuccekTpucbl BHYTPEHHUX OAHOCTOPOHHWUX YrI0B MpPU  NapannenbHblX MAPAMbIX U ceKyLu,e|71



nepneHauKyAApHbI.

OcHogHble ceolicmea u npu3HaKU pasHobedpeHHO20 mpey20abHUKA.

1.

Yrabl Npy OCHOBaHWM paBHObOEAPEHHOrO TPEYro/ibHUKA PaBHbI.

Ecnn aBa yrna TpeyrosibHWKa paBHbl, TO TPEYro/ibHUK paBHO6eapEHHDbI.

B paBHObOegpeHHOM TpeyrosibHUKE OUCCEKTpuUca, megmaHa W BbICOTA, NPOBEAEHHblE K OCHOBaHWIO,
COBMaAaloT.

Ecnu B TpeyronbHMKe coBnaaaeT ntoban napa oTpe3Kos M3 TPOMKMK: MegmaHa, buccekTpuca, BbicOTa, TO OH
ABAAeTcA paBHobeapPEHHbIM.

HepaseHcmeo mpey20abHUKA U ¢1edcmaeus U3 Hezo.

1.

o v kW

CyMma ABYX CTOPOH TPeyro/bHWKa 60/blue TPeTbeN ero CTOPOHbI.

Cymma 3BeHbeB J/IOMAHOW 6onblue OTpe3Ka, COEeAMHAIOLLEr0 Ha4ya/No MNepBOro 3BEHA C KOHLOM
nocnepHero.

MpoTne 60bLIEro yria TPeyronbHMKa NeXunT 60/bllan CTOPOHa.

MpoTrB 6onbLUE CTOPOHbI TPEYTONbHUKA NEXUT 6ONbLIMIA Yron.

MMnoTeHy3a NPAMOYro/bHOIO TPeyroabHWKa 6oblue KaTeTa.

Ecnn 13 ogHoOM TOUKKM NpoBeAeHbl K NPAMOIM NePNeHANKYNAP U HAaKNOHHbIE, TO: 1)nepneHauKynap Kopoye
HAKJ/IOHHbIX; 2) 60/blLEN HAKIOHHOM COOTBETCTBYET bobluan NpoeKuusa n Haobopor.

CpedHAas nuHUA mpey2oabHUKG. OTPe30K, COeAMHAIWMI cepeanHbl ABYX /OObIX CTOPOH TpeyroibHMKa
Ha3blBaeTCA CpeaHen NMHUEN TpeyroNbHMKa.

CpeAHAn NMHUA TPeYronbHUKA NapanienbHa CTOPOHE TPeyro/ibHWKa U paBHa ero nosioBuHe.

Teopemeol 0 meouaHax mpeyeosibHUKa.

1.

MegauaHbl TpeyrosbHMKa NepeceKkaloTca B OAHOW TOYKE WM AENATCA et B OTHoweHuu 2:1 HaumHas oT
BEPLUMHDI.

Ecnv megmaHa TpeyronbHWKa paBHa NOJMIOBUHE CTOPOHbI, K KOTOPOW OHA NPOBEAEHA, TO TPEYrosbHUK
NPSAMOYrO/IbHbIN.

MeaunaHa NpAMOYrofibHOro TPeyroibHMKa, NPoBeAeHHasn M3 BEPLIMHbI MPAMOro Yrna, paBHa NosioBUHE
TMNOTEHY3bI.

Ceolicmeo cepeduHHbIX NeprneHOUKYAapo8 K CMOPOHAM mpey2osabHUKA. CepepuHHble nepneHAuKynapbl K

CTOPOHaM TPeyrosbHMKa NepeceKkaloTca B OHOW TOYKE, KOTopas ABNAETCA LEHTPOM OKPYMKHOCTW, OMMCaHHOM
OKO/O TPEYro/ibHUKa.

Teopema 0 8bicoOmax mpeyaosbHUKA. Tpamble, CoaeprKalime BbICOTbl TPEYroNbHUKA, NepecekaloTca B O4HOM

TO4Ke.

Teopema o 6ucceKmpucax mpey2osbHUKd. BUCCeKTPUCHI TpeyronbHWKa nepeceKkatoTcA B O,EI,HOIZ TOYKe, KOTOpaA

ABNIAETCA LLEHTPOM OKPYXKHOCTH, BMWCAHHOM B TPEeyrosibHuK.

Ceolicmeo buccekmpucbl mpey2osabHUKA. BuccekTpuca TpeyrosibHMKa [enuT ero CTOPOHY Ha OTpPesKMy,

NPONOpLUMOHabHble ABYM APYTMM CTOPOHAM.

Mpu3sHaku Nodobusa mpeya0sbHUKOS.



Echu gBa yrna oaHoro TpeyrosibHMKa COOTBETCTBEHHO PaBHbl ABYM Yyriam ApPYroro TPeyronbHUKa, TO
TaKue TpeyrosbHUKM NoA006HbI.

Ecnn pBe CTOpPOHbI O4HOTO TPeyrosibHMKA COOTBETCTBEHHO MPOMOPLMOHA/IbHLI ABYM CTOPOHAM APYroro
TPeyro/ibH1Ka, TO Takne TPeyronbHUKN NOA06HbI.

Ecam Tpu CTOPOHbI OAHOTO TPEYrosibHMKA COOTBETCTBEHHO MPOMOPLUMOHAIbHbI TPEM CTOPOHAM ApPYroro
TpeyrosibHuKa. To Takue TPeyronbHUKN NoA06HbI.

Maowadu nod0obHbIx Mpey2osbHUKOS.

1.
2.

OTHOLWeHMe naowaaen NPsAMOYro/ibHbIX TPEYroIbHUKOB PaBHO KBaApaTy KoadduumeHTa nogobus.
Ecnv pgBa TpeyronbHMKA MMEHT paBHble Yr/bl, TO UX MAOWAAN OTHOCATCA, KaK NPOU3BEAEHUA CTOPOH,
3aKNHOYAOLWMX 3TU YIbI.

CoomHoweHus mex0y CMOopPOHAMU U yaaamMu 8 NMPAMOY20/bHOM mpey20/1bHUKe.

1.

wl

KaTeT npsmMoyrosibHOro Tpeyro/ibHMKa pPaBeH MPOM3BEAEHUIO TMMNOTEHY3bl HA CUMHYC NPOTMBO/IEXKALLETO
WA Ha KOCUHYC NPUIEXKALLEro K 3TOMY KaTeTy OCTpOro yraa.

KaTeT npsmMoyrosibHOro TPeyronbHWKa pPaBeH APYromy KaTeTy, YMHOXEHHOMY Ha TaHreHC
NPOTUBOJIEKALLETO UM HA KOTAHFEHC NPU/IENKALLEro K 3TOMY KaTeTy OCTPOro yrna.

KaTeT nNpAMOYronbHOro TPEeyro/ibHUKa, PacrnosioKeHHbIM Hanpotwus yrna B 30° paBeH nonoOBMHE

rMNOTEHY3bI.

Ecam KaTeT NpAMOYro/ibHOro TPeyro/ibHMKa PaBeH NoJI0BMHE TMNOTEHY3bl, TO HANPOTUB HEro PacnoNOXKeH
yron 8 30°.

,, C a+b-c s

R =-r =—=— =p—¢ 20eaunb- KaTeTbl, C-rMNOTEHYy3a NPAMOYrO/IbHOrO TPEyro/bHMKa, R

W I - pagunycbl ONUCAHHOMN U BNUCAHHOMN OKPYXKHOCTM.

Teopema lMughazopa. KBagpaT runoTeHy3bl NPAMOYTo/IbHOrO TPEYro/IbHUKA PpaBeH CyMMe KBaApaToB ero KaTeTos.

CpedHue nponopyuUoHasbHbIe 8 [PAMOY20/bHOM mpey20sabHUKe. BbicOTa MNPAMOYroNbHOrO TPeyrosibHWKa,

npoBeAeHHas M3 BepLIMHbI NPAMOro yraa, ecTb cpeaHee NPonopuUUOHaAbHOE NPOEKLMIA KaTeTOB HA FTMMNOTEHY3Y,

a KaXkAbli KaTeT ecTb cpeaHee NPonopLMOHaNbHOE TMNOTEHY3bl U CBOEN NPOEKLMM Ha TUMOTEHY3Y.

MempuquKue COOMHOWeEHUA 8 mpey2osibHUKe.

1.

Teopema KocuHycos. KBaapaT 060l CTOPOHbI TPeyro/sibHWKa paBeH CyMMe KBagpaToB ABYX APYrUX ero
CTOPOH 6€3 yABOEHHOro NPOU3BEAEHMA STUX CTOPOH HA KOCUHYC yr/ia MeXay HUMM.

Cnedcmeue u3 meopemsl KocuHycos. Cymma KBaApaTOB AMaroHanei napanienorpamma paBHa Cymme
KBaApaToB BCEX €ro CTOPOH.

®opmyna 011 meduaHsl mpey201b6HUKO8. Ecn m- meamaHa, TpeyroibHMKa, NPOBeAEHHasA K CTOPOHE C, TO
m = 1"2az + 2b? — ¢, 2de a ub — ocTa/ibHble CTOPOHBI TPEYTOJbHUKA.

Teopema cuHycog. CTOPOHbI TPeyrosibHMKa NPonopLMOHaabHbl CUHYCAaM MPOTUBOEMKALLMX YIN0B.
Ob6obweHHaa meopema cuHycos. OTHOLIEHNE CTOPOHbI TPEYrO/IbHUKA K CUMHYCY MPOTUBONENKALLErO Yrna
PaBHO AMAMETPY OKPYKHOCTWU, ONMUCAHHOW OKOJ0 TPEYTrOJ/IbHUKA.

dopmynsl NaAowadu mpeyzonbHUKA.

1.

MNnowaab TpeyronbHMKa paBHa NONOBMHE MNpon3BeeHNA OCHOBAaHWUA Ha BbICOTY.



5.

Maowaab TPeyronbHMKa paBHa NOOBMHE NPOM3BeAeHMA ABYX NH0ObIX €ro CTOPOH Ha CUHYC Yrna mexay
HUMMN.

Maowaab TPeyroibHWKa paBHa NPOU3BEAEHMIO €70 NONYNEPUMETPA HA PAANYC BMIMCAHHOM OKPYHKHOCTH.
Mnowaab TpeyronbHWKa paBHa NPOM3BEAEHUIO TPEX €r0 CTOPOH , AE/IEHHOMY Ha YYeTBEPEHHbIN paguyc
OMUCAHHOW OKPYXHOCTMU.

®opmyna lepoHa.5 = “p(p — a~)(p — b)(p — c), rae p- nonynepumetp, a, b, c- CTOpPoOHbI TpeyronbHUKa.

nemeHmel PABHOCMOPOHHE20 Mpeyos1ibHUKA.

Myctb h, S, R, r - BbicOTa, NoWaAn, pPaanycbl ONUCAHHOM U BMUCAHHOM OKPYXHOCTU PaBHOCTOPOHHErO

TpeyronbHuMKa co ctopoHon a. Toraa h = "3,r = *3,R = 13,5 = r-13,

2634

YeTbipexyronbHUK.

lNapanneno2padmMmom Has3blBAETCA YeTblpexyrosibHUK, NPOTMBOMOJIOKHbIE CTOPOHbI KOTOPOro MnoOmnapHo

napannenbHbl.

Csolicmea u npu3HaKuU napananeno2pamma.

v wNRe

[naroHanb pa3buBaeT napannenorpaMmm Ha ABa PaBHbIX TPEYroNbHMKa.

MPOTUBOMNONONKHbIE CTOPOHbI NAapannenorpaMmma NonapHoO PaBHbl.

MpPOTUBOMNONOMXKHbIE YI/bl Napannenorpamma nonapHo pasHbI.

[dnaroHann napannenorpamma nepeceKkaloTcs U AeNATCA B TOYKE NepeceyeHns nononam.

Eciv NpoOTMBOMNO/IOXKHbIE  CTOPOHbI  YETbIPEXYroNlbHUKA  PaBHbl, TO 3TOT  YeTblIPeXyroJibHUK
napannenorpamm.

Echv  aBe nNpOTMBOMONOMHbIE CTOPOHbI  YeTbIPexyrofibHMKa pPaBHbl M MapannefibHbl, TO 3TOT
YeTblpexyro/ibHUK - Napannenorpamm.

Ecnv AnaroHanm 4eTbipexyrosbHUKa AeNATCA TOYKON NepeceyeHmns nononam, To 3TOT YeTbIPEXYTrObHUK -
napaniienorpamm.

Csolicmeo cepeduH cmopoH Yemolpexy20s1bHUKA.

Cepe,D,VIHbI CTOPOH noboro YETbIPEXYroJibHMKa ABNAKOTCA BEPLUMHAMU Mapaanenorpamma, njaowaab KOTOporo

PaBHa NO/NOBUHE NaOWaaAn YeTblpeXyrosibHMUKa.

[MpAMOYy201bHUKOM Ha3blBAaeTCA Napaanenorpamm ¢ NPsSMbIM Yr0Mm.

Ceolicmea u npu3HAKU NPsSMOoYy20/1bHUKA.

1. [dwnaroHanu NnpAMOYroabHWKa paBHbl.

2.

Ecnan anaroHanv napannenorpamma paBHbl, TO 3TOT NapaANeNorpamMm - NPAMOYTONbHUK.

Keadpamom Ha3blBaeTCA NPAMOYIroJibHUK, BCE€ CTOPOHbI KOTOPOro paBHbI.

Pombom Ha3blBaeTCA YETbIPEXYrO/IbHUK, BCE CTOPOHbI KOTOPOrO PaBHbI.

Ceolicmea u npu3HaKu pomba.

1. [OuaroHanu pomba nepneHAnKyNApPHbI.

2. AwnaroHanu pomba AenAat ero yrnabl nonosiam.



3. Ecnm guaroHanu napannenorpamma nepneHAnKYAspHbI, TO 3TOT Napannenorpamm - pomo.
4. Ecnuv guaroHanu napanienorpamma AenAT ero yribl Nonoaam, To 3ToT napannesorpamm - pomo.

Tpanequeﬁ Ha3blBaAETCA YETbIPEXYIrOJ/IbHUK, Y KOTOPOIro ABE NPOTUBOMO/IOXKHbIE CTOPOHbI NAapansesibHbl, a
ABe Apyrmne He napannesbHbl. I'Iapanneanble CTOPOHbI HAa3blBAKOT OCHOBAHNAMMN.

CpeaHelt nMHKuel Tpaneumnmn HasblBaeTca OTPE30K, COeAMHSAIOWLNI cepeanHbl HOKOBbIX CTOPOH.
Ceolicmea mpaneyuu.

1. CpeaHAAa NMHUA Tpaneunn napanienbHa OCHOBAHUAM M PaBHA UX NOYCYMME.
OTpes30oK, CoOeaNHAIOLWNIN CepeanHbl AnaroHanemn Tpanewunmn, paBeH NoaypasHOCTU OCHOBAHWUA.

3. TouKa nepeceyeHM AnaroHanen Tpaneunm, ToYKa nepeceyeHuns NPoLAOKEHNN BOKOBbLIX CTOPOH U
cepeanHbl OCHOBAHWI 1eKaT Ha O4HOM NPAMOIA.

Tpaneuus Ha3biBaeTcA paBHObeapeHHOM, eciv ee BOKOBbIE CTOPOHbI PaBHbI.
Ceolicmea u npu3HaKku pasgHobedpeHHolU mpaneyuu.

Yrabl Npy OCHOBaHWM paBHobeapeHHOM Tpaneunm paBHbl.

[varoHanu paBHobegpeHHOM Tpanewmm paBHbl.

Ecnum yrabl npu ocHOBaHMM Tpaneuun paBHbl, TO OHa paBHObeApeHHas.
Ecnu gmaroHanu Tpaneumm paBHbl, TO OHa paBHobeapeHHasn.

v wNRe

MpoeKuus 6OKOBOW CTOPOHbI paBHObEeAPEHHOW Tpaneuun Ha OCHOBaHMeE paBHa NOYPaA3HOCTH
OCHOBaHMWI, a NPOEKLMA AMAroHaNeN - NONYCYMMe OCHOBAHUMN.

dopmynbl NA0WAOU Yemblpexy20bHUKA.

1. Mnowaab Nnapanienorpamma paBHa NPoOU3BELEHUIO OCHOBAHMA HA BbICOTY.

2. Mnowaab napannenorpamma paBHa NpoM3BeAEeHNI0 ero CMEKHbIX CTOPOH Ha CUHYC Yr1a MexXay HUMM.
3. Mnowaab NPAMOYroNbHMKA paBHa NPOM3BEAEHMIO EI0 CMEXKHbIX CTOPOH.

4. Mnowagb pomba paBHa NOSOBUHE MPOU3BEAEHMUA IO AUATOHANEN.

5. MNnowaapb Tpaneumm pasHa Npov3BeAeHN0 NOTYCYMMbl OCHOBaHMI Ha BbICOTY.

6. Mnowagb YyeTblpexyrosibHMKa paBHa NoJsioBUHE npounsseneHmnAa ero AMaFOHBHEVI Ha CUHYC Yr/la Mmexay
HUMMN.

7. ®opmyna lepoHa A4N1A YETbIPexXyro/ibHMKa, OKOJI0 KOTOPOTO MOXHO OMMUCaTb OKPYKHOCTb: =

jlp — a)(p — b)(p — ¢)(p — d), rze a, b,c,d — cCTOPOHBI YETHIPEXYTOJBHUKA, p — MOJYNEPUMETP, -
IJI0IIA/b.

ModobHbie ¢hueypsi.

1. OTHOLeEHMe COOTBETCTBYIOLMX 3N1EMEHTOB NOA06OHbIX PUTryp paBHO KoadduUumeHTy nogobus.
2. OTHoweHMe nnowanein nogobHbix pUryp paBHo KBagpaTty KoaddpuumneHTa nogobus.

MpasusbHbIU MHO20Y20/1bHUK.

MycTb an - CTOPOHA NPaBUALHOIO N- Yro/IbHWKA, @ n, Rn - pagnycbl BIMCAHHOM M ONMUCAHHOM OKPYXKHOCTEN.
Torpa:



an = 2Rsin—-0-, an = 2tg18°-rn, rn = Ra cos 180-

OKpYKHOCTb.

Opr)'KHOCTbI'O Ha3blBae€TCA reomeTpmyeckoe mecCcTto TOYeK MNNOCKOCTHU, YyAaNneHHbIX OT LI,aHHOVI TOYKMU,

Ha3blBaeMoi LEeHTPOM OKPYXHOCTU, Ha OAHO U TO e NOoJN0XKNTe/IbHOE PaCcCToOAHMNE, Ha3biIBaeMoe paanyCcom.

OcHogHble ceolicmea OKpyHHoCMU.

1.

WK N RWw

[vameTp, nepneHaNKyNAPHbIN XOpAe, LeUT XOPAY U CTATMBAEMbIe et Ayrv Nononam.

[vameTp, Npoxoaawmin Yepes cepesmHy XopAabl, He ABNAIOWENCA AMAaMETPOM, NepneHaAnKyNApeH 3ToM
xopae.

CepeguHHbIA NepneHaAnKYAap K Xopae NPOXOAUT Yepes LLEHTP OKPYKHOCTHU.

PaBHble xopAbl YAaNeHbl OT LLeHTPa OKPYKHOCTU Ha PaBHble PACCTOAHMUA.

Xopabl OKPYKHOCTH, yAaNEHHbIE OT LLeHTPa Ha pPaBHble PACcCTOSHMSA, PaBHbI.

OKpYXHOCTb CUMMETPUYHA OTHOCUTENbHO N0BOro CBOEro AuMameTpa.

[lyrv OKPY»KHOCTM, 3aK/NOYEHHbIE MEXAY NapanieNlbHbIMU XOPAaMM, PaBHbI.

M3 nByx xopz 60/blUe Ta, KOTOPas MeHee yaneHa OT LeHTpa.

[AvameTp ecTb HaMboNblIAsA XOPAA OKPYKHOCTH.

3ameuamenbHble cgolicmeaa OKpPyXHOCMU.

1.

FeomeTpuyeckoe mecTto Touek M, U3 KoTopbix 0Tpe3ok AB BuaeH noa npambim yrnom (ZAMB = 90°), ecTb
OKPY*HOCTb C AnameTpom AB 6e3 Touek A n B.

FfeomeTpuyeckoe mecto Touek M, U3 KoTopbix oTpe3ok AB BuaeH nog octpbim yrnom (ZAMB < 90°), ecTb
BHELWHOCTb Kpyra ¢ agnameTpom AB 6e3 Touek npsmolii AB.

FeomeTpuyeckoe MecTo Touek M, 13 KoTopbix oTpe3ok AB BuaeH nog Tynbim yrnom (zZAMB > 90°), ecTb
BHYTPEHHOCTb Kpyra ¢ AnameTpom AB 6e3 Touek oTpeska AB.

feoMeTpUYecKoe MecTO TOYEK, U3 KOTOPbIX AaHHbIA OTPE30K BMAEH NOA AaHHbIM Yr/10M, eCTb ABE AYrU
PaBHbIX OKPYKHOCTEN 6€3 KOHLLOB 3TUX AYT.

MpAman, UMeloLLLan C OKPYXKHOCTbIO eAMHCTBEHHYHO 06LLLYI0 TOUKY, Ha3blBAaETCA KacamesibHol K OKPYHHOCMU.

1.

4.

KacatenbHaa nepneHANKYNApPHa paanycy, NpoBegeHHOMY B TOUKY KacaHuA.

Ecnm npamas a, npoxoaAwan yepes TOUKY Ha OKPYXKHOCTU, NepneHaAnKyaapHa paauycy, nposeaeHHOMY B
3TY TOUKY, TO MPAMAA a - KacaTesIbHaA K OKPYXKHOCTH.

Echn npamble, npoxogAawme vepes TouKy M , KacaroTcA OKPYXKHOCTUM B Toykax A n B, To MA=MB u
ZAMO=ZBMO, rae TouKka O - LEHTP OKPYKHOCTH.

LLeHTp OKpY*XHOCTK, BIMCAHHOM B YroJl, N€XUT Ha BUCCEKTPUCE ITOrO yrAa.

Kacarowueca okpywHocmu. TOBOPAT, YTO [BE OKPYKHOCTM KAcaloTCA, €C/IM OHM MMEelT eAMHCTBEHHYIO

06LLyt0 TOUKY ( TOYKY KacaHus).

1.

TouyKa KacaHWA ABYX OKPYXKHOCTEN pacnonoXKeHa Ha O4HOM NPAMOW C LEHTPAMM 3TUX OKPYKHOCTEMN.
OKpy»KHOCTU paaunycoB r n R ¢ ueHTpamm B Toukax O1 u O2 KacatoTcA BHELWHMM 06pa3om Torga u TO/IbKO
Toraa, koraa r+R=0102

OKpy»HOCTU paagnycoB r n R (r<R) c yeHTpamu B Toukax O1 1 O2 KacatoTca BHYTPEHHUM 06pa3om Toraa u
TO/IbKO TOrAaa, kKoraa r-R=0102



4.

5.

OKpY*KHOCTU C ueHTpamu B TodKkax O1 u O2 KacatoTca BHewHMm obpasom B Touke K. HekoTopas npamas
KacaeTcA 3TUX OKPY)KHOCTEM B Pas3MyHbIX TOoYKax A M B u nepecekaetca c¢ obuiei KacaTenbHOW,
npoxogAwen yepes Touky K, B Touke C. Torga ZAKB=90° U z0:C02=90°.

OTpe3oK ob6uen BHELWHeNW KacaTeNbHOM K ABYM KacCaloOWMMCA OKPYXKHOCTAM paauycoB r m R paBeH
OTpe3Ky obLien BHYTPEHHEN KacaTe/lbHOM, 3aKAUYEHHON MexKay obwmmn BHewHMMmK. Oba 3TK oTpeska
paBHbl 2-jRr.

Yenol, c8A30HHbIE C OKPYHHOCMBIO.

P wnNpeE

BennumHa gyrm oKpyKHOCTU paBHa BEIMYMHE LLEeHTPANbHOrO YI/1a, Ha Hee ONMPAtOLLEerocs.

BrnvcaHHbIN yron paBeH NO0OBUHE YII0BOW BEIMUYMUHBI AYTW, HA KOTOPYIO OH ONMpPaeTcs.

BrvcaHHble yr/ibl, ONMpPatoLWMECa HAa OLHY U TY Ke Ayry, PaBHbl.

Yron mesay nepeceKkalomMmUCca XopLamMu pPaBeH NoAyCyMMe MNPOTUBOMOJIOXHbIX AYyr, BblCEKaEMbIX
Xopaamu.

Yron mexay ABYMS CEKYLMMW, NepeceKkatolmMmmnca BHe Kpyra, paBeH MNoaypasHOCTU AYr, BbICEKAEMbIX
CEKYLLMMM Ha OKPYKHOCTH.

Yron mexay KacaTenbHOW M XOpPAOW paBeH MOMOBUHE YI/I0BOW BEANUYMHE AYTU, 3aKNOYEHHOW MeXay
HUMM.

Ceolicmea xop0 oKpyHcHoCcmu.

1.
2.

JINHWNA LEHTPOB ABYX NEpPECceKatoWMXCA OKPYHKHOCTENM NepneHaMKynApHa nx obLuein xopae.
MNpounsseaeHna ganH otpeskos xopa AB n CD OKpy*KHOCTU, NepeceKaroLwmxca B Touke E , paBHbl, TO ecTb
|A™] « |FB| = \CE| « \ED\.

BriucaHHble u onucaHHble OKpyMX¥tHocmu.

P wbhPR

LleHTpbl BMIMCAHHOM M ONUCAHHOW OKPYXKHOCTU NPaBUAbHOIO TPEYrolbHMKa COBNaaatoT.

LLeHTp OKPY*KHOCTM, OMMUCAHHOM OKONO NPSAMOYTONbHOIO TPEYro/ibHUKa - cepesnHa rmnoTeHysbl.

Ecnuv B 4eTbIpEXYroNbHUK MOYKHO BMNUCATb OKPYKHOCTb, TO CYMMbl €70 NPOTUBOMNO/OMKHbIX CTOPOH PABHbI.
Ecnv B YeTbIPEXYroNbHUK MOMKHO BMMCaTb OKPYKHOCTb, TO CYMMa €ro MpOTMBOMO/IONKHbIX Yr/10B PaBHa
180°.

Ecnv cymma yeTbipexyroibHMKa NPOTMBOMONOMKHbBIX YI10B YETbIPEXYrO/IbHUKA paBHa 180°, TO OKO/I0 Hero
MOXHO OnucaTb OKPYKHOCTb.

Ecnv B Tpaneumio MOXKHO BMMCaTb OKPYXKHOCTb, TO 6OKOBas CTOPOHa Tpaneuuu BUAHA M3 LEHTPa
OKPYXXHOCTM NoA, NPSAMbIM YT/10M.

Echv B Tpaneuuio MOXKHO BMWUCATb OKPYKHOCTb, TO PafMyC OKPYKHOCTM ecCTb CcpeaHee
NPONoOpLMOHaNbHOE OTPE3KOB, Ha KOTOPbIe TOYKA KacaHMA Ae/IUT HOKOBYHO CTOPOHY.

Ecnv B MHOrOyrofibHMK MOXHO BMMCATb OKPYXKHOCTb, TO €ro naowaZb paBHa MPOU3BEAEHUIO
nonynepMmeTpa MHOrOYrosibHUKa Ha pPagmyc 3TOM OKPYKHOCTHU.

Teopema o kacamenosHoli u cekyweli U cnedcmeus U3 Hee.

1.

Echn us O,CI,HOI‘;I TOYKMU npoBeneHbl K OKPYXHOCTKU KacCaTesZibHaa U CeKylwaAa, TO npousseneHue BCEM
CeKyLLI,el;i Ha €e BHEeLWHK YacCTb PaBHO KBa4paty KacaTe/IbHOM.

NponsseneHune BCEM CeKYLLI,el‘;I Ha €ee BHeWHK 4YacCTb ANA ,ﬂ,aHHOl\;i TOYKMN U ,EI,aHHOIZ OKPYXHOCTU
NOCTOAHHO.



AnuHa okpymHocmu: L = 2nR.

Maow,ade Kpyaa: S = nR2.

CrepeomeTpus.

AKcuomel cmepeomempuu.

1. Yepes ntobble TpM TOUKM, HE NeKallme Ha O4HON NPSAMOW, NPOXOAMUT NJIOCKOCTb, U NPU TOM TOJIbKO O4HA.

2. Ecnu age TOYKM NPSAMOW NiexKaT B NIOCKOCTU, TO BCE TOYKM NPAMOIA /1eXKaT B 3TOW NJOCKOCTHU.

3. Ecnu gge NNOCKOCTM MMEHT 0BLLYHO TOYKY, TO OHM MMEIOT 06LLYH0 NPAMYLO, Ha KOTOPOW NexkaT Bce obLume
TOYKM 3TUX NJIOCKOCTEN.

Cnnedcmeus U3 aKCUOM.

1. Yepes npAmyo 1 TOYKY, HE NIEXKALLYIO HA 3TOM NPAMOM, NPOXOAUT €AUHCTBEHHAA NJI0CKOCTb.
Yepes aBe napannenbHble Npsimble NPOXOAUT e4MHCTBEHHAA NNOCKOCTb.

3. Yepes AaHHYI TOYKY, HE NieXKallyto Ha AaHHOM NPSMOM, NPOXOANT eAMHCTBEHHAsA NpAMas, NnapannenbHas
JAHHOMN.

lMapannensHocms 8 NpocmpaHcmee.

1.

MNpr3HaK NapannenbHOCTU NPSAMON U NAOCKOCTU. Ecam npAmaan a napansenbHa HeKOTOpOl‘a npﬂmoﬁ NAOCKOCTU

a, TO NpAMas a NapanfesbHa NJIOCKOCTH a.

Ecnam yepes npsamyto a, napannenpHyo NNOCKOCTU @, MPOBECTU MIOCKOCTb, MEPECEKAOLLYIO MOCKOCTb a Mo
npsmon b, To npambie a u b napannencHobl.

Ecnm npamblie a u b napannenbHbl, a NN1OCKOCTb, NPOXOAALLAA Yepe3 NPAMYIO a, MEePEeCeKaAeTCA C NIOCKOCTbIO,
npoxoasiuen yepes npamyto b, To npamas nepeceyeHna NNOCKOCTEN NapanienbHa NPAMbIM a U b.
TpaH3MTUBHOCTb MapaineNnbHOCTU MPAMbIX B NpocTpaHcTBe. Ecam npAmas a napannenbHa npAmon b, a

npAman b napannenbHa NPAMON ¢, TO NPAMan a napanienbHa NPAMON C.
MpM3HaK NapannenbHoCTU NAockocTel. Ecam age nepecekarowmecs NpAMble 04HOM NAOCKOCTU NapannenbHbl

ABYM nepeceKkarowmmca npaMmbim ,u,pyrof/i N/TIOCKOCTU, TO 3TN NJIOCKOCTU NapannenbHbl.
Echv gse napannesibHble NI0OCKOCTU NepeceYeHbl TpeTbef/’I, TO NPAMbIE nepecevyeHnA NapannesibHbl.
TpaH3UTUBHOCTb NapaANenbHOCTU NAOCKOCTEM. Ecan nnocKocTb a napannenbHa NAOCKOCTU B, a NJIOCKOCTb B

napasnenbHa NAOCKOCTU YTO NIOCKOCTb @ NapanienbHa NAockoctu Y.
OTpe3KM NnapannenbHbIX NPAMbIX, 3aKNHOYEHHbIX MEXKAY NapannenbHbIMU NAOCKOCTAMM, PaBHbI.
Yepes TOUKyY, He /ieXKalllyto B MIOCKOCTM, MPOXOANUT eANHCTBEHHAA NIOCKOCTb, NAapaniesibHan AAaHHOM.

Ckpeuwjusarouw,ueca rnpamele.

1.

Mpu3HaK CKpeLLMBaloWNXCA NpAMbIX. Ecnm npamaa a nexkuT B NAOCKOCTM a, a npamaa b nepecekaet 3Ty
NAOCKOCTb B TOUYKE, HE /IerKalleit Ha Npsimon a, To a U b - ckpewmBarowmeca npsamble.
Yepes aBe CKpeLMBaOLWLMECs NPAMbIE MPOXOAUT €ANHCTBEHHAA NapaiebHbIX NAOCKOCTEN.

FeoMeTpUYeCcKoe MeCTO CepeaMH OTPE3KOB C KOHLAMM HA [BYX CKPELLMBAIOLWMXCA NPSAMbIX €CTb MJOCKOCTb,
napannenbHaa STUM NPAMbIM U NPOXOAALLAA Yepes3 cepeMHY OLHOTO U3 TaKUX OTPE3KOB.

Yron mexay CKpelmBaloWuMnUcA NPAMbIMU (Yron Mexay nepecekarolmmmca B NPOU3BOJIbHON Touke M
NPAMbIMW , COOTBETCTBEHHO NapanfeNbHbIMU AaHHbIM) HE 3aBMCUT OT Bblibopa TOUKKN M.

[ns nobbix ABYX CKPELLMBAIOLWMXCA NPAMbIX CYLLECTBYET €4MHCTBEHHbIM 06LWNI NnepneHAnKyAap (OTpesoK ¢



KOHL,@MM Ha 3TUX NPAMbIX, MepneHANKYNAPHbIM 06eMm NpAmMbIM).
MapannenvHoe npoeKmMuposaHue.

1. MpaAmas, HenapanaenbHas NPOEKTUPYIOLLEN, NEPEXOAUT B NPAMYIO.
Mapa napannenbHbIX NPAMbIX, HenapasiebHbIX MPOEKTUPYIOLLEN, NEPEXOANUT B MApy NapanienbHbIX NPAMbIX
WU B OAHY NPAMYIO.

3. MNpu NpPOEKTUPOBAHUN COXPAHAETCA OTHOLEHWE OTPE3KOB, JieXKaluMX Ha OAHOW NPAMON WAM  Ha
napannenbHbIX NPAMBbIX.

4. HaknoHHas nepecekaeT MJ/IOCKOCTb B TOYKe, NeXKalleh Ha /obon ee napannenbHON MNPOEKUMM Ha 3Ty
N/JIOCKOCTb.



5. Mnowagb OpPTOroHaNbHOM MPOEKUUM TMJOCKOr0 MHOFOYro/IbHMKA Ha MNAOCKOCTb pPaBHA
NPOW3BEAEHMIO NIOWAAN NPOEKTUPYEMOTO MHOFOYrOIbHMKA Ha KOCUHYC YrNa MeXay NA0CKOCTbIO
3TOr0 MHOTOYrOJIbHUKA U NJIOCKOCTHIO MPOEKLUNA.

KoopduHamesi u eekmopbl 8 mpocmpaHcmee.

1. KOOp,CI,VIHaTbI BEKTOpPa paBHbl Pa3HOCTU COOTBETCTBYHOLWNX KOOPAMHAT KOHLUA U Ha4daszla AaHHOIo
BEKTOpa.

2. Ons TOro 4tobbl BeKTopbl @ U b 6blAM KONNMHMAPHbLI, HEOBXOAMMO WM A0CTAaTOYHO, YTOObI
BbINO/IHANOCH PaBeHCTBO a = kb, rae k - HEKoTopoe uuncno.

3. [ns TOro, 4tobbl TPM BEKTOpPaA ObiNM KOMNNAHAPHbI, HEOH6XOAMMO M A0CTAaTOYHO, YTOObI OAUH U3
HUX MOXHO 6bl/10 NPeACcTaBUTbL B BUAE IMHENHOW KOMBUHaLMK ABYX Apyrux (a = xb + ¢, 2de X, y -
HeKomopble 4uca.

4. Jloboli BEKTOP MOXKHO €eAMHCTBEHHbIM O06Pa3’oOM Pa3NOMUTL MO TPEeM HeKOMMIaHapHbIM

BEKTOpPaAM.
2> OA+OB
5. Ecnm M - cepeamHa AB, ToOM =
6 +. A~ AT+  Ac+BD
* Ecnu M - cepeanHa AB,N- cepeanHa ctopoHbl CD, To MN = ——.

7. - yA+ 0A4+0B+0c

Fenu M - Touka nenecepueHUG Mmenumad Thevronkduka ARC Ta OM —

_.t__>___»

8. Ecnu M - TouKa nepeceyeHuns anaroHanen napannenorpamma ABCD, To OM = ~

9. KoopauHaTbl cepefmHbl OTpe3Ka paBHbl CPEAHUM apUPMeTUUECKMM KOOPAMHAT ero KOHLLOB.
10. Ceolicmea cKanapHo20 npou3sedeHUs 8eKMopos.

a) a-b=b-a

b) aaeb=a(aeb)

c) as(b+c)J=ab+ac

d) lal =Vd?

) (a+b)2=a?+2(ab) +b

2
f) (ab) <a? e b2, npuyem paBeHCTBO AOCTUrAaeTCA TOrAa U TONIbKO TOrAa, KOrAa BEKTOPbLI a
n b KONNIMHUAPHDI.
g) HeHynesble BeKkTOPbI @ M b nepneHAMKyNAPHLI TOrAa U TONbKO TOrAa, Koraa ux
CKanapHoe npoussegeHue pasHo 0.
11. PaccmosHue mexdy mouykamu A(Xi yi, zi) v B(x2, y2, Z2) pasHo |[IB| =

7X2-Xi)?2 + (V2-Y1)? + (Z2- Zi)?

X1X2+yiy2+ZiZ2
Z1)w b (X2, ¥2, Z2), To cos ¢ = S e
X1 42+ 2)jx2 +y2 422
Vi +4jx2 +y
12. Ye01 mexdy HeHynesbiMu sekmopamu. Ecnu ¢ - yron mexay HeHyneBbIMU BEKTOPaMK a (Xi, Vi,
13. YpasHeHue naockocmu, npoxodsaweli yepe3 mo4vky Mo(Xo, Yo, Zo) NEPNEHAUKYNAPHO HEHYJIEBOMY BEKTOPY

n(a; b; c)(Bektop Hopmanu), umeet sua;: a(x — xo) + b(y — yo) + c(z — z0) = 0



14. [lMapamempuyecKue ypasHeHuUsa npamol, npoxoaawen Yyepes TouKy Mo(Xo, Yo, Zo) NapannenbHo

X—Xxo=at
y—Yyo=Dbt
zZ—ZzZo=ct
15. YpasHeHue npamoli, npoxodauweii yepes dse mouku A(xi, Vi, zi) u B(x2, y2, Z2) umeeT Bna:* =2
X2-X1
Y-Vi_17-71
V2-y Z-Z1

16. [lpamas, Kak nepecevyeHue 08yx nsa0cKkocmeli, 3afaeTca B Buae

M1x + By + Ciz+Di=0 CUCTEeMbl YpaBHEHU

[A2X + B2Y + C2Z + D2=0' roe Air+Bi+Ci” 0,A2+ B2+ C2 " 0 u Ko3apdmumneHTbl Npu

COOTBETCTBYHOLMX NEPEMEHHbIX HEMPOMOPLIMOHANbHBI.
17. Yeon mexdy naockocmamu. Ecnn (p - yron mexay nJA0OCKOCTAMM,
334aHHbIMW YPAaBHEHUAMM AA,,BB,,CC,

Aix+Biy+Ciz+Di=0wnAzx +Bzy + C2z+D2=0,T0o cos (p = JA?1+B1+C2JA2+B2+

~D

18. YpasHeHue naockocmu 8 ompe3kax. ECiv NN0CKOCTb NepeceKkaeT 0cu KOOPAMHAT B TOUKAX
A(a, 0,0),B(0,b, 0), C(0,0,c),a”0,b "0, c” 0, To ee ypaBHEHNE MOXKHO NPeACTaBUTb B BUAE X+V+2=1 abd
19. PaccmosaHue om moy4ku 0o naockocmu. Ecnu p - pacctoaHue ot Toukn Mo(xo;y0;Z0) 0o

I,,,\ , > A \UXo+Byo+CZo\
nnockoCctM Ax + By + Cz+ D =0, T0 p = —====-

MeprieHOUKynapHOCcCMb nNpAMoU U naocKocmu.

1. [pusHak nepneHOUKyaapHocmu npamoli u naockocmu. Ecnn  npsamas  nepneHAMKYNApHa  ABYM
nepeceKaroLLMmMca NPSMbIM NJIOCKOCTM, TO OHA NepneHAUKYNAPHA 3TOM NAOCKOCTH.
2. Ecnu gBe npsmble nepneHANKyAAPHbI OAHOM NAOCKOCTU, TO OHW NApannenbHbl.

w

Ecnm ogHa v3 AByx MapannesibHbiX MPAMbIX NeprneHAMKYNAPHA MAOCKOCTU, TO U Apyras NpAmMas TaK Ke
nepneHauKyNspHa 3TOM NJOCKOCTMH.

[lBe NNOCKOCTH, NepneHaUKyNAPHbIE OAHON NPAMOMN, NapannebHbl.

Ecnam npAmas n NNockocTb NeprneHANKYAAPHbI OAHOW NPSMOM, TO OHM NapaaNeNbHbl.

Yepes gaHHyH TOYKY NPOXOAUT e4MHCTBEHHAS NIOCKOCTb, MepneHaANKYNspHas 4aHHON NPAMOA.

Yepes gaHHY TOYKY NPOXOAUT e4MHCTBEHHAA NPAMas, NepneHAMKyNaApHaa 4aHHOM NIOCKOCTH.

© N U

Teopema o mpex neprneHOUKyaapax. MNpaman, Ne)kawaa B MNJOCKOCTM, NeprneHAUKYNAPHA HAKAOHHOM K
MJOCKOCTM TOTAa M TONbKO TOr4a, KOraa oHa neprneHAMKynapHa opToroHaAbHOM NPOEKUMN HAKNOHHOM Ha 3Ty
MAOCKOCTb.
9. Ecan n3 ogHOM TOYKKN NPOBEAEHBI K NNOCKOCTM NEPNEHANKYAAP U HAK/IOHHbIE, TO
1) NepneHAMKYNAP KOPOYE HAKNOHHbIX
2) PaBHble HAK/IOHHbIE MMEIOT PaBHbIe OPTOrOHa/IbHbIE NPOEKLMUMU
3) bBonbluel HaKNOHHOW COOTBETCTBYET 60/1bLIAA OPTOroHaibHaA NPoeKuma
4) W3 aByx HAaKNOHHbIX 6oNbLUe Ta, OPTOroHaIbHasA NPOEKLMA KOTOPOK H6onblue
10. Teopema 06 yene npamoli ¢ NA0CKOCMbO. Yron MexKAy HAaKNOHHOW U ee OpPTOroHasbHOM MpOeKuuer Ha
NJOCKOCTb MEHbLLE Yr/1a MeXAy 3TOM HaK/IOHHOW 1 II60M APYroi NPAMOMN NAOCKOCTU.
11. feomeTpuyECKOE MECTO TOYEK, PAaBHOYAA/NEHHbIX OT KOHLLOB OTPE3Ka, eCTb NAOCKOCTb, NEpneHAMKYNAPHan
3TOMY OTPE3KY M MPOXOAALLAA YepEe3 ero cepegmHy.
12. FleomeTpMyeCcKOe MeCTO TO4YeK, YAaNEHHbIX Ha AaHHOEe PacCToAHMEe OT AaHHOM NNOCKOCTWU, eCTb [ABe



napannenbHble NOCKOCTH.

13. Feorv\epr-leCKoe MECTO TOYE€K, paBHOYAA/IEHHbLIX OT BEPLUNH TPEyroJsibHMUKA, €CTb nNpAmand, npoxogAauian

yepes UeHTp OMMCaHHOM OKPYXHOCTU TPEYroJZIbHUKA nepneHgnKynapHo ero nJaoCKoCTw.

ZleyepaHHblIl y2on.

1.

JINHeNHbIN yron AByrpaHHOro yrna (cevyeHue ABYrpPaHHOrO Yyria MJIOCKOCTbO, NeprneHaMKyNspHON ero
pebpy) He 3aBUCUT OT BbIBOPaA TOUKM Ha pebpe ABYrpaHHOro yrna.

feomeTpuYecKoe MEeCTO BHYTPEHHMX TOYEeK [ABYrPaHHOrO Yrna, PaBHOYAA/IEHHbIX OT €ro rpaHei, ecTb
6MCCEKTOPHAsA NIOCKOCTb ABYrPaHHOrO yria.

Heobxodumoe u Oocmamoy4Hoe ycnosue neprneHOUKyanapHocmu naockocmel. [Be  NAOCKOCTU
nepneHauKynapHbl (06pasyoT NpAMON ABYrpaHHbIA yron) Torga U TONbKO TOrga, Korga ogHa M3 HUX
NPOXOAUT Yepes NnepneHANKyN[p K 4pyrom.

Echn pgBe nepeceKkatowmecs NAOCKOCTU MepPneHAMKYNAPHbI TPeTbel, TO OHM NepecekatoTca no MNpAMoNn
TaKXe nepneHauKynspHOM 3TOM MJIOCKOCTH.

MHoz202paHHbIe yensbl.

1.
2.

MNOCKW yron TPexrpaHHoro yria MeHblle CyMMbl ABYX APYTrMX ero naoCKux yrinos.
CymMMa NJI0CKMUX Y108 BbINYKAOr0 MHOTFOrPaHHoro yrna menbiue 360°.

Cehepa. KacamenoHas nanockocme. Kacarowuecs cgpepoi.

1.

CeueHne cohepbl NNOCKOCTbIO, YOANEHHOM TO LeEeHTpa chepbl HAa pPaCCTOAHME, MeHbllee paauyca, ecTb
OKPYXHOCTb. OCHOBaHMe nepneHAMKYNAPa, ONYLWEHHOro M3 LeHTpa chepbl Ha CEKyLLyH MNOCKOCTb, eCTb
LEHTP 3TON OKPYKHOCTH.

KacaTenbHas naockoctb K cdepe (NAOCKOCTb, Mmewwas co chepon eAMHCTBEHHYH OOy TOYKY)
nepneHaMKynAapHa paauycy chepbl, NPOBEAEHHOMY B TOYKY KacaHUA.

KacaTenbHas npaAmas K coepe (npaman, umerowaa co cdepoit eaUHCTBEHHYIO OOLLYIO  TOYKY)
nepneHaMKynAapHa paamycy chepbl, NPOBEAEHHOMY B TOYKY KacaHUA.

LeHTp chepbl, BNMCAHHOMN B ABYIPAHHbIN YroA, N€XUT B BUCCEKTOPHOM NIOCKOCTU 3TOFO yrAa.

OTpesKu KacaTeNbHbIX NPAMbIX, NPOBEAEHHbIX K chepe U3 O4HOM TOYKK, PaBHbI MeXay COboN.

JInHnA ueHTpoB Kacatowmxca chep (MMeLWmnx egMHCTBEHHYIO OOLLYHO TOYKY) MPOXOAUT Yepe3 UX TOYKY
KacaHwms.

Echn gBe pasnunuHblie coepbl nmetoT 6onee ogHoM obLen TOUKM, TO OHU NEepeceKatoTCA NO OKPYKHOCTW.
MNOCKOCTb 3TOM OKPYKHOCTM NEepPNeHAUKYNSPHA TMHUM LLeHTPOB AaHHbIX chep.

MpasunbHas nupamuda.

1.

Ecan ABCD - npaBu/bHaA TpeyroabHaa nMpamuaa ¢ sepwmHon D, BbicoTort DM 1 cTOpoHOM OCHOBaHMA a, a
A1, B1, C1- cepegmHbl cTOpoH cooTBeTcTBEHHO BC, AC, AB, TO
a) ZDAM = ZDBM = ZDCM - yron 60KoBoro pebpa ¢ N110CKOCTbiO OCHOBAHUS;
b) ZDAiM = ZDBiM = ZDCiM - nuHelHbIN yron AByrpaHHoOro yrna 60KoBOW rpaHu C MJIOCKOCTbIO
OCHOBaHMS.



c)

AAFB (rpe F- ocHoBaHMe nepneHAMKYNspa, OnyweHHOro 13 BepliMHbl A ocHOBaHMA Ha HGokosoe
pebpo DC) - AnHeNHbIM yron mexay 60KOBbIMU rpaHAMM NMMPaMUAbl;

d) AAi1=BBi1=CCi="“"-BbicoTa TpeyrosibHMKa OCHOBaHWS;

f)
g)

AM =BM = CM = 2AA1= 3 - OpTOroHanbHas npoekuma 6okoBoro pebpa Ha

NOCKOCTb OCHOBAHUA;

MA1 = MB1= MC1 = aA1=“3- OpTOroHaabHaA NPoeKLMA anoPembl Ha NIOCKOCTb OCHOBAHMUA;

CiA - 06WwmMi NnepneHANKYNAp NPOTMBOMNOIOXKHbIX pebep AB u C/.

2. MNpoTrBONONOXKHbIe pebpa NPaBUIbHOM TPEYroNbHOM

nMpPamuMabl NONapHO NepneHaNKYAAPHbI. 2

3. BbicoTa NpaBUABLHOrO TeTpasapa ¢ pebpom a pasHa a

4. Echm PABCD - npaBu/bHAA 4eTblpexyrosibHaa nupamuga C BepwuHoih P, BbicoTtoh PM wn cTtopoHom

OCHOBaHMA a, a A1, B1, C1, D1- cepegunHbl CTOpoH cooTeBeTcTBeHHO AB, BC, CD,AD, TO

a)
b)

c)

d)

e)
f)
g)

APAM = APBM = APCM = “"PDM - yron 60KkoBoro pebpa ¢ NJI0CKOCTbiO OCHOBAHUS;

APAIM = APBIM = APCIM = "PDIM - nuHeiHbIA yron pAByrpaHHoro yrna 6GOKOBOW rpaHU C
NAOCKOCTbIO OCHOBaHMA.

ADFB (rpe F- ocHoBaHWe nepneHAMKynApa, ONyLeHHOro M3 BeplwuHbl B ocHoBaHMA Ha 60KoBoe
pebpo AP) - INHEMHbIN YroN MexKay CoceHMMMN BOKOBbIMU rPaHAMM

nMpamuabl;

AAIPC1 = AB» - NUHEWHbIN Yyron ABYrPaHHOro yrna meXay MpPOTMBOMONOMHbIMW GOKOBbIMMK
rpaHAMu;

AM =BM = CM = DM =~ = .«2- opTOroHasibHaA NpoeKLna 6okoBoro pebpa Ha NJIOCKOCTb OCHOBaHMA

MA1= MB1=MCi1=MD1 = -- opToroHanbHas npoekuua anopembl Ha NAOCKOCTb OCHOBAHMUA.

FM — ob6wuii nepneHanKynap guaroHann BD ocHOBaHWMA M CKpeLLMBAOLWLEroca C Heill B6OKoBOro
pebpa AP.

5. BbokoBoe pebpo NpaBuIbHOW TPEyrobHOM NMPamMMAbl NepneHANKYNAPHO CKPELLMBAIOLLENCS C
HWUM [MAroHann OCHOBAHMUSA.

6. MycTb a - pebpo npaBuAbHOrO TeTpasapa, R M r -paanycbl ONUCaHHOW M BNMCaHHOW cdepbl, V - ob6bem

Tetpasapa. Torga R="6,2=—"",V=—"2-/

lMpou3eosbHas Nupamuoa.

OCHOBaH

Ecnv 60KoBbIe rpaHM TPEYronbHOM NMpamuabl 06pasytoT paBHble ABYrPaHHbIe YIbl C NJOCKOCTbIO

M, TO BbICOTA NMMPaMMUAbl NPOXOAUT MO0 Yepes LEHTP BMUCAHHOM OKPYKHOCTU, MO0 Yepes LEeHTp

O,EI,HOI‘;I M3 BHEBMUCAHHbIX Opr)KHOCTeVI OCHOBaHMA.

paBHbI, T

Ecnn Bce 6okoBble pebpa Nnupamuabl 06pasyoT C OCHOBAaHMEM paBHbIe Yr/bl UK ecin Bce BoKoBble pebpa

0 BbICOTa NMMPaMMAbl NPOXOAUT YepEe3 LIEHTP OKPYHKHOCTU, ONMCAHHOWN

OKOJ10 OCHOBaAHMA.

3.

Teopema 0 megumaHax TeTpasapa. MeauaHbl TeTpasapa (OTpeskun, coeauHAOLWME BeEPLUMHDI

TeTpasgpa C TOYKaMW NepecevyeHns meamaH NPOTUBOMOJIOXKHbLIX FPaHel) nepecekatoTca B OAHOWM
TOYKE U AeNATCA eto B OTHOWeEHMM 3:1, cYMTan OT BEPLUUHDI.

Ecnv nepeceyb nupamuay NAOCKOCTbIO, MapansieslbHOM OCHOBaHWIO, TO B ceyeHuMM obpasyeTca
MHOTOYro/ibHWK, NoA06HbIN OCHOBAHMIO.



5. B nuMpammnage v B KOHYCe NOLWAAN CeYEHUM, NapanieNibHbIX OCHOBAHMIO, OTHOCATCA KaK KBaapaTbl UX
PacCcTOAHMIN A0 BEPLUUHDbI.

Mapannenenuneo.

1. Napannenenunepg HasblBaeTCA NPAMbIM, eciv ero 60KoBble pebpa nepneHANKYNAPHbI OCHOBAHMUIO.
MpAmoi napannenenunesn, B OCHOBAaHWM KOTOPOrO JIEKWUT MNPAMOYTrONbHWUK, Ha3blBaeTcA
NPAMOYrO/ibHbIM.

3. CBoWcTBa AMaroHasen NnpamoyroabHOro napaanenenunesa:

a) [waroHanun npAMOyronbHOro napanienenunesa pasHbl,
b) KBagpaTt anaroHanu npamMoyrosbHOro napannenenunena paBeH KBaapaTy PacCTOSAHWUN TPex ero
n3MepeHun (ANnH Tpex pebep c obLien BepLLIMHON).
4. CBOWCTBA rpaHer W auaroHanen napannenenunega. NpoTMBONONOXKHbIE rPaHM Napannenenunesa

paBHbl W napannenbHbl. [uaroHann napannenenunega nNepecekarnTca U  AeNATCA TOYKOM
nepeceyeHMAa NOMNONAM.

5. OwnaroHanb ACi napannenenunena ABCDA1Bi1CiD1 npoxoguT 4yepes3 TOUKY nepecevyeHMA meauaH
TpeyronbHuka A1BD v genntca eto B oTHOWeHUn 1:2, cumtan oT TOUKK A.

Maowadu nosepxHOCMU MHO202PAHHUKOB.

1. MNnowaab  6GOKOBOM  MOBEPXHOCTM  MPU3MbI paBHa npov3BedeHU0  nepumeTtpa
nepneHAMKyNAPHOro ceyeHmnn npmusmbl Ha 6okosoe pebpo.

2. Mnowaab 6OKOBOW MOBEPXHOCTU MNPABWUIbHOW NUPaMUAbl PaBHa NAOWAAN €e OCHOBaHWS,
AeNneHHOM Ha KOCUHYC yrina 6OKOBOM rpaHuM € NJIOCKOCTbHO OCHOBaHUS.



IIpumepHbIe TECTOBBIE 3aJAHUS

Bapuanr I

Yactb 1

Bomnpoc Bl

®nakon mammyHs crouT 160 pyoueii. Kakoe HanbobIee unciao GpyrakoHoB MOKHO KynuTh Ha 1000
pyOJieli Bo BpeMsi pacipoaxu, KOTia CKuika coctabiset 25%?

Bompoc B2

Ha PUCYHKC KMPHBIMH TOYKAMHU IMIOKa3aHa CHA HUKCIIA HA MOMCHT 3aKPbITUSA 6I/Ip)KeBBIX TOProB BO BCC
paboune auu ¢ 6 no 20 mas 2009 roga. I1o ropu3oHTaNM yKa3blBalOTCS 4YMCIa MECALA, 10 BEPTUKATH —
1eHa ToHHbl Hukens B jposapax CIHA. Jlns HariasaHOCTH JKUPHBIE TOYKM HAa PUCYHKE COEIMHEHBI
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JIMHUEN.

Omnpenenure Mo pUCyHKY HauOOJbIIYIO IIEHY HUKES HA MOMEHT 3aKpbITUSl TOPTOB B YKa3aHHBIN EPUOA
(B nonmapax CIIA 3a ToHHY).

Bompoc B3
Haiinute kopenb ypaBHeHus log2(6 + x) = 4.

Bompoc B4

— 9 _ C'90’4B = 4a4C = 4/\51_ . ..
B Tpeyronbuuke ABC: Haiinure sinA.

Bomnpoc B5
Cewmbs U3 Tpex uesoBek eneT n3 Mockssl B T. Yebokcapsl. MOKHO €XaTh Moe30M, a MO)KHO — Ha CBOEH MallliHe.
buner Ha moe3n Ha 0HOTO YenoBeka cTouT 740 pyOieii. ABTOMOOMIb pacxoayeT 9 TUTpoB OeH3MHA Ha

100 xumoMeTpoB MyTH, paccTosiHUE 0 mocce paBHO 700 kM, a ieHa OeH3uHa paBHa 19 py0. 3a uTp.



CxoubKo pyOJIeii OyIeT CTOMTh camast JeIIeBas oe3/IKka JjIsl TOW CeMbH?

Bomnpoc B6

H.a kneruaToit 6ymare ¢ kietkamu pasmepom 1 cm x 1 cMm n300paxkena Tpaneuus (CM. pUCYHOK).
Haitgure ee niomans B KBaApaTHBIX CAHTUMETPAX.

1 cMm

Bompoc B7

Haiinute 3HaueHne BeIpaxeHus: 39”26:65.

Bormpoc B8

Ha pucynke nzo0paxén rpaduk GyHKImH y = f{x) 1 KacateabHas K HEMY B TOUKE ¢ aOCITUCCOH X0.
Haiinure 3HaueHune npon3BoiHON GyHKIMU f(X) B TOUKE X0.



Bompoc B9

[IpsiMOYTOJIBHBII MapasuIeIenuIe]l ONMCaH OKOJIO IMIMHJIPA, PATUyC OCHOBAHHUS KOTOPOTO
pasen 3. O6beM napautenenunena pase 18. Haiiaure BeICOTY mUIUHApA.
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Bompoc B10

st onipenenennst 2PpGeKTUBHON TeMIepaTypsbl 3BE3 UCTIONB3YI0T 3aKk0H Ctedana-bonbimana,
COTJIACHO KOTOPOMY MOIIHOCTh U3yUYEHHs] HArPETOro Teja NpsSAMO MPONOPIIMOHaIbHA MJIOAAH
ero NOBEPXHOCTHU U YETBEPTOI cTenenu Temmnepatyphl: P = gSTy, tie 0 = 5,7- 107 —
IIOCTOSIHHAS, TUIOIIAb S U3MEPSIETCS B KBAAPAaTHBIX METpax, Temneparypa I — B rpagycax
KenpBrHa, a MOIIHOCTL P — B BaTTax.

3BeCTHO, YTO HEKOTOpas 3Be3/la UMeeT miomans S = (1/228)4021 M%, a u3nyuaeMas ero
MoIHoCTh P He menee 1,5625-1025 Bt. Onpenenure HaMMEHbIIYI0 BO3MOKHYIO TEMIIEPATypy
aToM 3Be3/bl. OTBET naiiTe B rpagycax KenbpBuHa.

Bomnpoc B11

HaiiuTe HauMeHblIee 3HaYeHue pyHKun y = (x-7)e° va otpeske [5;7].
Bonpoc B12

Benocunenuct Belexall ¢ MOCTOSIHHOM CKOPOCTBIO M3 Topoaa A B ropoa B, paccrosiHue Mexay
KOTOpBIMH paBHO 72 kM. Ha cienyromuii 1eHb OH OTHpaBUIICsS 00paTHO CO CKOPOCTHIO Ha 6 KM/
6ounbiie npexxHeit. [1o qopore oH cienan ocTaHOBKY Ha 6 4acoB. B pe3yibrare OH 3aTpaTHII Ha
oOpaTHBIN MyTh CTOJBKO K€ BPEMEHHU, CKOJIbKO Ha MyTh U3 A B B. Haiinure ckopocTsb



BesocuneaucTa Ha mytu u3 A B B. OTBer naiite B kKM/4.

Yactb 2
Bonpoc C1

a) Pewwte ypasHeHue (1 + tg2x) cos (~— 2x) = —2V3.
6) HaliguTe KOPHM 3TOrO yPaBHEHUA, NPUHAANENKALLME NPOMENKYTKY

[ 24, 217

)

Bonpoc C2

B npaBuiibHOM YeThIpexyroiibHOM pu3Me nmupamuae SABCD c BepuHO# S O0KOBbIE
pedpa BIBOE IIIMHHEE CTOPOH OCHOBaHHU. Touka M - cepenuna pedpa SC . Haiinurte
YTOJ MEXAY MI0CKOCThIO A DM 1 NIIOCKOCTHIO OCHOBAHMSL.

Bomnpoc C3
Pemmre cucremy:

C 625 — 252x1 > 7,
1/0"2x+1(4%2 — 4% + 1')1001-2¢(2 + 4%) > 2.

Bonpoc C4

B omnucanHoi 0K0JI0 OKPY>KHOCTH paBHOOOKOM Tparenuy OCHOBaHUsI OTHOCATCS Kak 1: 2 . U3
BEPIIHUHBI MEHBIIIETO OCHOBAHUS OIyIIEHA BBICOTA Ha 0OJIbllee OCHOBaHUE; TOUKa H —
OCHOBaHUE BBICOTHI. 13 Touku H omytieH nepneHaukyisip HE Ha G0KOBYIO CTOPOHY Tparieluu.
B xaxom oTHomeHN# Touka £ 1enuT 60KOBYIO CTOPOHY?

Bomnpoc C5
[Tpu kakux a ypaBHEeHHE |X? — X + a| + |X|=9 umeet poBHO TpH KOpHs?
Bomnpoc C6

UYucna ot 2 1o 11 3anucanbl B CTPOUYKY B HEKOTOPOM Mopsiake. Beeraa mm MOKHO BBIYEPKHYTh
HECKOJIbKO YHCEJ TaK, 4YTOOBI OCTANIOCh: a) TPH YUCIIA B MOPSAIKE BO3PACTAHUS WU B ITOPSIKE
yObIBaHUA? 0) AT YKCEN B MOPSIIKE BO3pAacTaHUE WU B MOPsAKE YObIBaHUA? B) UETBIpE Uncia
B MOPsI/IKE BO3pACTaHMsI WIIM B TIOPsiIKE yObIBaHUS?

Bapwuanr 11
Yacrs 1

Bomnpoc Bl



Tennmoxon paccuutan Ha 650 naccaxxupos u 20 wieHoB koMaHAbl. Kaxas crnacatenbHas
LITFOIIKA MOKET BMeCcTUTE 50 yenoBek. Kakoe HanMeHBIIIEe YKCIIO0 IUTIONOK TOKHO OBITH Ha
TEIIOXO0/Ie, YTOOBI B CITydae HEOOXOAUMOCTH B HUX MOYKHO OBLIIO Pa3MECTUTh BCEX MACCAKUPOB
M BCEX YWICHOB KOMaHIbI?

Bompoc B2

Ha pucynke nokazaHo u3MeHeHUE TEMIIEpATyphl BO3yXa Ha MIPOTKEHUU TpexX cyTok. [1o
FOPU30HTAIA YKa3bIBACTCA aTa U BpeMsA CYTOK, I10 BEPTUKAINA — 3HAYEHUE TEMIIEPATYPHI B
rpanycax Llenbcus.

Omnpenenurte o pUCyHKY HauOOJbBIIYIO TeMIIepaTypy Bo3ayxa 23 ssuBaps. OTBeT jaaiite B
rpanycax Llenbcus.
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Bompoc B4

B tpeyronsuuke ABC: AC = BC, AB =6, cosA = 3/5.

Bompoc B3

Haiinute xopeHp ypaBHEHUS

Haiinure BoicoTy CH.

Bomnpoc B5

Jlns octexnenus BepaHabl TpedyeTcs 3aka3aTth 70 OAMHAKOBBIX CTEKOJ B OAHON U3 TPEX PUPM.
ITnomans kaxmoro crekna 0,25 m2. B Tabuie npuBeIeHbI LIEHBI HA CTEKIIO M Ha PE3KY CTEKOIL.



Qupma | llena cmexna (pyo. 3a| Peska cmekna (pyo. 3a Llononnumenvhbvie ycnosus
1 m2) 00HO cmeK0)
A 310 10
b 300 15
B 370 5 Ilpu 3akaze na cymmy 6onvuie 6200
py0. pe3xka becniamuo

CkosbKO pyOIeit OyeT CTOUTh CaMblii ACIIeBBIi 3aKa3?
Bormpoc B6

Haiinute nnomanp yeTbIpeXyroibHUKA, BEPIIMHBI KOTOPOro UMEI0T KoopAauHartsl (1;7), (9;2),
(9:4), (1,9).
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Bompoc B7
Haiinure 3Hauenue Beipaxkenus logii12,1 +logii10.
Bompoc B8

Ha pucynke nzo0paxén rpaduk GyHKIMHU y = f(x) U KacaTelabHas K HEMY B TOUKe ¢ a0CIIUCCOil xo.
Haiinure 3HaueHne mpon3BOIHON QYHKIHH f(X) B TOUKE X0.



yh
I
1
|
1 | ¥
o T %o ™
\
Bonpoc B9

[IpssMOyTOMBHBIN MapasuIeNenuIie]] omucal OKoJio cepsl paauyca 6.

Haiinute 06beM napaienenumnesna.

Bomnpoc B10

[Tpu Temneparype 0° C pensc umeet quny /o= 20 M. [Ipu Bo3pactanuu remnepaTypbl
MIPOUCXOUT TEIJIOBOE PacHIMpPEHUE PeibCa, U €ro AJHNHA, BhIpAKEHHAs! B METpaxX, MEHAETCs 10
3akony I(t°) = lo(1 + a-t°), rae a = 1,2- 10-5(°C)"' — ko> HIUEHT TEMNI0BOro pacuupeHnus, t© —
temriepatypa (B rpamycax Llenbcust). [Ipu kakoit Temneparype penbe yITUHUTCS Ha 3MM?

Ortser BrIpasute B rpaaycax Llenscus.



Bonpoc Bl1
Haiifute HanMeHblee 3HaYeHNe QYHKIMK y = X° - 3x + 5 Ha oTpeske [3/4;5/4]
Bomnpoc B12

W3 A B B 01HOBpEMEHHO BhIEXaJIH J1Ba aBTOMOOMIMCTA. [IepBhIii mpoexat ¢ TOCTOSHHOM
CKOPOCTBIO BECh ITyTh. BTOpO#i poexain nepByro NOJOBUHY IIyTH CO CKOPOCThIO, MEHBLIEH
CKOPOCTH TEpPBOTO Ha 18 KM/4, a BTOPYIO MMOJIOBUHY ITyTH — CO CKOPOCThIO 108 km/4, B
pe3ylbTaTte yero npuobul B B 0IHOBpEMEHHO C NEePBbIM aBTOMOOUIHCTOM.

HaiimuTe ckopocTh MepBOro aBTOMOOMIIMCTA, €CIIU U3BECTHO, YTO OHA OoJbIne 63 kv/4. OTBeT
alTe B KM/4.

Yacts 2

Bompoc C1

a) Pemmure ypaBuenue (1 + tg?x) sin (~— 2x) = 1.

0) HaiinuTe KOPHU 3TOTO ypaBHEHUS, IPUHAICKAIINEC TPOMEKYTKY
[31; 34

Bomnpoc C2

B npaBunbHO# yeTbipexyroapHoi nupamune SABCD c BepiinHoil S Bce
pebpa paBHbI Mexy co0oil. Touka M- cepeauna pedpa SC . Haligure yroa Mexay MiIoCKOCTbIO
ADM ¥ I10CKOCThIO OCHOBAHUS.

Bonpoc C3
Pemure cucremy:
C 243%x — 35%2 > 7,

H0 x+1(4x2 — 4x + 1')1001-2x(6x + 6) > 2.
Bonpoc C4

B omnmcaHHOI 0KOIO OKPYXKHOCTH PaBHOOOKOH Tpamenuu OCHOBAaHUSA OTHOCATCS Kak 3:5 . U3
BEPILIMHBI MEHBIIET0 OCHOBaHMs OIyIl€Ha BBICOTA Ha OoJjblliee OCHOBaHWE, TOouka H —
OCHOBaHue BbICOTHI. M3 Touku H onyuieH nepneHaukymisip HE Ha O0KOBYIO CTOpOHY Tpaneuuu. B
KaKoOM OTHOIIEHUH TOYKa E 1eIUT OOKOBYIO CTOPOHY?

Bompoc C5

[Tpn xakux 3HAYCHHSX a YpaBHEHHUE |X2 + X + al + |x| = 10 umeeT poBHO TpH KOPHSI.
Bomnpoc C6

Yucna or 1 no 10 3anmcaHsl B CTPOYKY B HEKOTOPOM MOpsAke. Beerna nu MOXKHO BBIYEPKHYTH
HECKOJIbKO YMCEN TaK, YTOOBI OCTaloCh: @) TPU YHMCIIAa B MOPSIKE BO3PACTaHUS HIU B MOPSAKE
yObIBaHUA? 0) MATH YUCEI B MOPSAJKE BO3pACTAaHUE WM B MOpsiAKe yObIBaHUS? B) YEThIpE YKCIa B
HOpsiIKEe BO3pacTaHMsI WM B IOPsi/iKe yObIBaHUsA?
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